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XL -^ On the Harmonic Analysis of Tidal Observations of High 
and Low Water." By Gr. H. Darwin, F.R.S., Plnmian Pro- 
fessor and Fellow of Trinity College, Cambridge. Received 
June 17, 1890. 

§ 1. Introduction, 

Extensive use of the tide-gauge has only been made in recent years, 
and by far the largest number of tidal records consist only of obser- 
vations of high and low water (H. and L. W.). Such observations have 
usually been reduced by determining the law governing the relationship 
between the times and heights of H. and L.W. and the positions of the 
moon and sun. This method is satisfactory so long as the diurnal 
inequalities are small, but it becomes both complex and unsatisfac- 
tory when the diurnal inequality is large. In such cases the harmonic 
notation for the tide is advantageous, and as, except in the Korth 
Atlantic Ocean, the diurnal inequality is generally considerable, a 
proper method of evaluating the harmonic constants from H. and 
L.W. observations is desirable. 

The essential difference between the method here proposed and that 
followed by Laplace and his successors is that they introduced astro- 
nomical considerations from the first and applied them to each H. and 
L.W., whereas the positions of the sun and moon will only be required 
here at a single instant of time. In their method, the time of 
moon's transit, and hence the interval, was found for each tide ; the 
age of the moon, and the moon's and sun's parallaxes and declinations 
were also required. An extensive table from the astronomical 
ephemeris was thus necessary, and there still remained the classifica- 
tion of heights and intervals according to the age of moon, and two 
parallaxes, and two declinations. The classification could hardly be 
less laborious, and was probably less mechanical, than the sorting 
processes employed below. There is probably, therefore, a consider- 
able saving of labour in the present method, and, besides, I conceive 
that the results are more satisfactory when expressed in the harmonic 
notation. 

My object has been to make the whole process a purely mechanical 
one, and, although nothing can render the reduction of tidal observa- 
tions a light piece of work, I believe that it is here presented in a 
form which is nearly as short as possible. 

The analytical difficulties to be encountered in such a task are 
small, but the arrangement of a heavy mass of arithmetic, so as to 
involve a minimum of labour and therefore of expense, is by no means 
easy. How far I have succeeded must be left to the decision of those 
who will, I hope, use the methods here devised. 
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When a question of this kind is attacked, the solution cannot be 
deemed complete unless the investigation is left in such a state that 
an ordinary trained computer is able to use it as a code of instruc- 
tions by which to reduce a series of observations, without any know- 
ledge of tidal theory. 

An actual numerical example is thus essential, both to test the 
method and to serve as instructions to a computer. The Appendix 
contains so much of the reduction of three months of observation at 
Bombay as will serve as such a code. If the series be longer than 
three months, or in such cases as the proper treatment of gaps in the 
series, it is necessary to refer back to the body of the paper for 
instructions. 

I now pass to the theoretical reasons for the rules for reduction. 

§ 2. Notation, 

The notation of the Report to the British Association for 1883, 
and in use in the Indian tidal work and elsewhere, is here followed. 

The earth's angular velocity is denoted by 7 ; the hourly mean 
motions of the moon, sun, and lunar perigee by o-, -?;, -zr (7^, (TeXrjP')], 
7}\io9) ; the mean longitudes of moon, sun, and , lunar perigee by 
s, Jh, p, and the mean solar hour angle by t. The H.A. and longitude 
in the lunar orbit of the intersection of the equator with the lunar 
orbit are v, f ; and N is the longitude of the moon's node. 

The several harmonic tides are denoted by arbitrarily chosen initial 
letters. Those with which we shall principally have to deal are — 







Semi' diurnal. 


NaTne. 


Initial 


Speed. 


Equilibrium argument 


Principal lunar 


M, 


2(7"^) 


2t + 2(A-i/) 2(6' f) 


,, solar 


S3 


2(7-^) 


2t 


Luni- solar .... 


K, 


27 


2t-f2(;?, v^') 


Larger elliptic 


N 


27 — 3<T + 'z?r 


2i^^h~v)-~2{s ^) {s p) 


Smaller „ 


L 


27 — 0" — -zr 


2t + 2(A-i.)-2(s-f) + (6' p)-f7r 






Diurnal, 


Luni-solar .... 


i^i 


7 


t^{h~v') Itt 


Tiunar 





7 2<T 


iH^^^)~-%s~S)H^ 


Solar 


P 


7—2^ 


t-^-h-j-^Tr 



The symbol H denotes the mean semi-range of any one of the 
tides, and k its retardation of phase behind what it would be accord- 
ing to the equilibrium theory ; f denotes a certain factor of augmen- 
tation of the lunar and luni-solar tides depending on the value of E". 

The particular tide to which H, «r, f refer will in general be 
indicated by a subscript small letter, the same as the letter constitut- 
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ing tlie initial of tlie tide. Thus, for example, the Mg tide is ex- 
pressed by 

fniHm COS (2t 4- 2(/l ~J^)--2(s~^)~ Km) , 

I have allowed a departure from this notation in the case of 
the tides Kg and K^, where I write W\ k", f" for the first, and 
H', /c\ f for the second. The angles 2v" and p' (which, like p and 
f, are functions of JSf) are also involved in the arguments* (or angle 
under the cosine in the expression for the height of the particular 
tide) of these two tides. 

It is obviously necessary to suppose the reader to have some 
acquaintance with the harmonic notation, or it would be necessary to 
repeat the Report on Tides above referred to. 

§ 3. The Gene7''al Method of Treating H, and L. W. Observations, 

Noon of the day on which the observations begin is to be taken as 
the epoch, and the mean solar time elapsed since epoch is noted by t, 
V with the proper subscript letter denotes the increase of argu- 
ment since epoch; for example, Vm = 2(7 — (T)t. 

Then the height of the water h, estimated from mean sea-level, is 
expressed by a number of terms of the form A cos V-\-JB sin V, or, in 
an alternative form, R cos {V — f). 

In order to explain the principle of the method proposed, let us 
take two typical terms involving Vp and F^, and let the rates of 
increase of Vp be p, and of Vq be q. 

Then we have 

h = Ap cos Vp-\-JBp sin Vp+A^ cos Vq-]-Bq sin Vq (1). 

Since at H. or L.W. h is Si maximum or a minimum, we must 
have — 

^ Ap sin Vp—Bp cos Vp-^-A^ sin Vq—-Bq cos F^ (2). 

Let us write q , ,q\ 

Then multiply (1) by cos Vp and (2) hy sin Vp^ and add ; and 
again multiply (1) by sin Vp and (2) by cos F^, and subtract, and we 
have — 



h cos Vp — Ap-\-Kq (cos F^ cos Vq-^h^ sin Vp sin Vq) ' 

-\~Bq (cos Vp sin Vq~hq sin Vp cos Vq), 

h sin Vp ^=^ Bp-\-Aq (sin Vp cos Vq~\ cos Vp sin Vq) 

4- Bq (sin Vp sin Vq + kq cos Vp cos Vq) .. 



^ s . » • irk). 



* It is well to explain that I have sometimes elsewhere used argument to denote 
the argument according to the equilibrium theory, that is to say, with k equal to 
zero. In this paper I call the latter the equilibrium argument. 
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2 = 4 cos (Vp—Vq) + \ cos {Vp-\- Vq) — COS Vp COS Vq, 

A = I" COS (Fp — F^) — I COS (F^-j- F^) = sin Vp sin F^, 
o- = I sin ( F^— F^) + "I sin (F^ -f F^) = sin Vp cos F^, 
^ = I sin {Vp— Vq) —^ sin (Vp + Vq) ~ —cos 7^ sin Vq. 

Also let 

Fr= S + i^^A, f = o- + V, 

G= — ^— 7<;^o-, g = A-fyt[;22. 

Then our equations are — 

h cos Vp — Ap + 'FAq + GBq, 



->i 



y 



(5). 



(6) 



h sin Vp •=■ Bp-\-iAq-\- gBq, 



. (7). 



A similar pair of eqaations will resnlt from eaeli H. and L.W. 
When a series of tides is considered, we maj take the mean of the 
equations and substitute a mean F, G, f, g. 

The general principle here adopted is to take the means oyer such 
periods that the mean F, G, f, g become very small. In fact, we 
shall, in several cases, be able to reduce them so far that these terms 

are negligible, and get simply -^h •„ F^? = ■g' ; but in other cases, 

where what is typified as the p tide is a small one, whilst one or more 
of the tides typified as q is large, it will be necessary to find F, G, f, g. 
The finding of these coefficients is clearly reducible to the finding of 

the mean values of . ( F« + Va) . 

Another useful principle may be illustrated thus : if the q tide does 
not differ much in speed from the p tide, we may put Vq ^= Vp-b vt, 
where j/ is a small speed. Then we write 

h = Rp COS {Vp-'Q)+Eq cos (Vp + Pt-'^q) 
= GOH Vp{Bp COS ^p-\-Bq COS (vt—^q)} 

+ sin Vp{ Bp sin ^p--Bq sin (i^t—^q) }. 

If we neglect i^lp, the condition for maximum and minimum in 
conjunction with this gives 

hcosVp = Bp cos ^p + Bq cos (ut—^q), 

h sin Vq = Bp sin ^p — Bq sin {vt— ^q) . 
VOL. xLvni. X 
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Then taking the mean of these equations over a period begin- 
ning* with ^ = and ending" when t = ttJi^, we have (writing 

Ap = Up cos ^p, Bp = 'Rp sin f^) 

1 

■—-~%h cos Yp = Ap + XMq cos {a—'^q), 

-— ySA sin Vp = Bp—XBq sin (a— g'g), 

where X and as are certain constants, depending on the snni of a 
trigonometrical series. 

Again, if we take means from t = ttJp to t = 27r/i/, the second terms 
have their, signs changed. 

Hence the difference between these two snccessive snms will give 
XBq cos (a — ^q) and XBq sin (a — g"^). There will be nsuallj two terms 
such as those typified by g, and we shall then have to take two other 
means, viz., one beginning at 7rj2p and ending' at ^ttJ^p, and the other 
beginning at 37r/2i/ and ending at hirj^v. From the difference of 
these sums we get —\Bq sin (« — t^) and XBq cos (a~f^). From 
these fonr equations the two BqS and the two f^'s are found. The 
solution is a little complicated in reality by the fact that it is not 
possible to take ;^ = exactly at the beginning of the series, because 
the first tide does not occur exactly at noon, but this is a detail which 
will become clear below. 

When all the J.'s and jB's or jB's and f 's have been found, the posi- 
tion of the sun and moon at the epoch, found from the I'Tautical 
Almanac, and certain constants found from the Auxiliary Tables in 
Baird's ' Manual of Tidal Observations,'^^ are required to complete 
the evaluation of the H's and kb. 

The details of the processes will become clear when we consider 
the various tides. 

It may be worth mentioning that I have almost completely 
evaluated the F's and G's, which give the perturbation of one tide 
on another, in the case considered in the Appendix. Without giving 
any of the details of the laborious arithmetic involved, it may suffice 
to say that the conclusion fully justifies the omission of all those 
terms, which are neglected in the computation as presented 
below. 

§ 4. The tides 'E and L. 

These are the two lunar elliptic tides. 

For the sake of brevity all the tides excepting M^, K, t are 
omitted from the analytical expressions. 

Since Yn = Fm— (o'— •^)4 Vi = Yni-\-{(^—^)t, 

* Taylor and Francis, Fleet Street, 1886. 
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tlie expression becomes 

h ■==■ Am cos Vm + Bnt sin Vm + S>n COS [ Vm,— {<T ---■ isr^t — ^J 

=: COsFm{^m + J?mCOs[(o- — 'sr)2^4"f,,]-f-E?COS[(o---^)/^ — g'J} 

+ sin Vm{Bni-{-Bu^'^'rL [(<t — '5r)z5 + J'J — E/sin [(o---'5r)i5 — ^^]}. 

Hence, taking into account the equation which expresses that h is 
a maximum or minimum, and neglecting the Variation of s—p com- 
pared with that of Vm^ we have — 

h cos Vm = Am 4- Bn COS \ {(T — 'ur)t + ^n^ + Bi COS [(^ " ^)^ " Dl ? 1 

t. . . . (8j- 
_ 

The mean interval between each, tide and the next is 6"210 hours. 
Then if e be tlie increment of s—p in that period (go thafc with <y — -sr 
equal to 0°' 5443 7 per hour, e is equal to 3°' 380 7) ^ and if a, h be the 
values of(or— '3ir)^ + £'« and {(T—'ur)t—^i at the time of the first tide under 
consideration, the equations corresponding to tlie (f -\- ly^ tide are 
approximately- — 

h cos Vm ~ Am + Bn COS {ci + re) + Ui cos (h 4- re) , 1 

/?, sin Fwi = Bm-{-Bn sin (a-fre)--jB^ sin (h-Jrre) J 

If we take tlie mean of w+l successive tides, the two latter terms 

on the right of (9) will be multiplied by i\~~^ — r i ^^^ ^^^ "^ ^^ ^^^^ 

{fi~j^i.) sm o e 

arguments a + re, 6+ re, will be equal to ^7i. If the (^'^ + 2)* tide 

falls exactly a semi-lunar-anomalistic period later than the first, 

(n-\-l)e = TT. On account of the incommensurability of the angular 

velocity <r — ^ tbis condition cannot be rigorously satisfied, but if the 

whole series of observations be broken up into such semi-periods, 

then on the average of many such, summations it may be taken as 

true. 

Then, since ^e is a small angle, 

{n-\-l) sin ^e ==■ ^ir, and sin ^{n~\-V)e = 1 ; 

hence the factor is 2/7r. 

Again \ne = -J-tt — i-e ; tbus, if w-fl is the mean number of tides 
in a semi- anomalistic period^ our mean equations are— 



TT 



10^+1) 



TT 



2(^ + 1) 



{2/icos Vm — Am} =— jB?esin (a— gc) — I^? siu (6 — -g-e). 



{^h sin Vm — Bm} = I^»cos (a-— ^e)— I^^cos (h~-^e) 



y (10), 



X 2 
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wliere tbe siimmations 2 are carried out over the first semi-lnnar- 
anomalistic period, wMcli may be designated as 1. 

In applying these equations to the next semi-period 2, the resiilfe 
is got by writing a-}-(n-\-l)e or a-f tt for a, and h-^w for h. 

Thus the equations are simply the same as (10), with the Ksigns on 
the Ipft changed. 

The equations for semi-periods 3, 4, (fee, will be all identical on the 
right, with alternately -f- and — signs on the left. 

Let the observations run over m semi-lunar-anomalistic periods ; 
then double the equations appertaining to periods 2, 3, , . . (m — 1^ 
and add all the m equations together, and divide by 2(m — 1), and we 
have — • 

^ 1 

77 — -,-777- 77-S/i cos Vm = —Bn sm {a~^e) —Bi sin (5— |-e), 

S.(iiX 

4(M~17C^^ ^ '^''^^^ (a-ie)~~E|C0S (&~|e), 

where S now denotes summation of the following kind : — 

{:2(l)-2(2)} + {2(3)™2(2)} + {2(3)-2(4)}-f{2(.5)»~2(4)}+&c., 

the numbers (1), (2), &c., indicating the number of the aemi-lunar- 
anomalistic-periods over which the partial sums are taken. 

Suppose the whole series of observations to be reduced covers 
2m-f-l g'^^ari^er-lunar-anomalistic periods, which we denote by i, ii, 
iii, &c. 

First suppose that the semi-period denoted previously by 1 consists 
of i+ii, that 2 consists of iii-f-iv, and so on. 

Let to be the time of the first tide of the series, and since we 
take noon of the first day as epoch, to cannot be more than a few 
hours. 

Let j =s ^e--((r—w)io = l°'690S—((T~^w)to, a small angle. 
Th en « - ^e = (rr— ^) 4 + f^ - -Je = £•,, ~^j, 1 r 

Then denoting the operation -^- — 2bvS^ (the mark ^ 

- ^ 4(% + l)(m— 1) -^ ^ 

indicating that the first tide included is nearly at epoch, when 

(o--~tr)^ = 0), we have from (11) and (12) 

S^Acos Vm=-B^sm(^n-j)+Bisin(ti+j),l 
8Vi sin Vm = Bn COS (f » —j) — Bi cos ( f^ +j) . J 
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Secondly, suppose the semi-lunar-anomalistic period indicated by 
1 consists of ii + iii, that 2 consists of iv-f-v, and so on. 

Obviously the result is gob by writing io-\-^7rl(^ff—^) for tc^ 
or, "what amounts to the same thing, by putting J — J-tt in place of j ; 
but we must also write S^'^ for S°, so as to show that the summation 
begins when {c—ijr^t is nearly equal to ^tt. Then — 

Si^/icosF,;^ = — E^cos (g*;^— j)— E^cos (t^+j), 1 
Hence En sin (Xn—j) = — S% cos Vm— S^^'/t sin F?^, ] 

Iti, cos (Xn—j) = S°?^ sin Fm— S^^?^ COS Fm, 

)> « (15). 

El sin (?z-|-j') = S^h cos Fm— S^'^^ sin Fm, 

Ui cos (fz-l-i) = — S°/i sin F»t— S^^/i cos F^. 

These four equations give the four unknowns En-, ^n-, Ei, ^i, and/ is 
equal to l°'69'—(cf~w)to. 

Then if u^y ui denote the equilibrium arguments oi the tides N and 
L at epoch, we have — 

tin = 2(/i,o— I')— 2(5o — f) — (So— Po), 

ui = 2(7^0— J') —2(^0— f) + {So-'fo)-^Tr, 

where Jiq, Sq^ po are the mean longitudes of moon, sun, and lunar 
perigee at epoch, and p and f are small angles, functions of the lon- 
gitude of the moon's node (tabulated in Baird's Manual). 

Then if f,^ is the factor of reduction (also tabulated by Baird) for 
the tides Mc,, N, L, 



"U 



^n-^-Un, f(;i=: ^i-^ui^ 



-ti'n l^j- -til 

n '- — 7 > Jti^ — -jr- • 

In this investigation the interferences of the solar and diurnal 
tides are neglected, on the assumption that they are completely 
eliminated. 

The difference between a lunar period and an anomalistic period is 
so small that the elimination of the diurnal tides will be satisfactory, 
but the effect of the solar tide will probably be sensible, unless we 
have under reduction 13 quarter-lunar-anomalistic periods, which 
only exceed 6 semi-lunations by about 25 hours. 

The evaluation of the elliptic tides N and L from a series of obser- 
vations shorter than a quarter year would be very unsatisfactory, and 
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it is not likely that such an evaluation will be attempted. But if 
such a case is undertaken, the solar disturbance may be found by a 
plan strictly analogous to that pursued below in the case of the 
tides Kj;, O, P. The reader may be left to deduce the requisite 
formulae from the tlieory in § 3. 

In the case of a long series of observations, each quarter year 
should be reduced independently, and the mean values of Hn cos k^ and 
H.n sin Kn should be adopted as the values of the functions ; whence H,^ 
and % are easily found. The L tide is, of course, to be treated 
similarly, 

§ 5. The Tide M,, 

This is the principal lunar tide. 

If we take the m-ean of n-^i successive tides, the equations (9) give 
us approximately — 

1 1 

——-^h cos Vm = Jm, — rr^^ siii ^« = ^m .... (16) . 

We here assume that in taking this mean over an exact number of 
Berai-lunations, the lunar elliptic tides, the solar tides, and the diurnal 
tides are eliminated. 

With respect to the elliptic tides, this condition can only be ap- 
proximately satisfied, because no small number of semi -lunations is 
equal to a number of anomalistic periods, and the like is true of the 
diurnal tides. In the example given below the diurnal tides are much 
larger than the elliptic tides, and I have found by actual computation 
(the details of which are not, however, given) that the disturbance in 
the value of the M2 tide arising from the diurnal tides is quite insen- 
sible, and it may be safely accepted that the same is true of the dis- 
turbance from the elliptic tides. 

With respect to the disturbance arising from the principal solar 
tide Sg, I find that it is adequately, although not completely, 
eliminated by making the number n+1 of tides under summation 2 
cover an exact number of semi-lunations. 

If the whole series of observations be short, it would be pedantic 
to attempt a close accuracy in results, and we may accept these 
formula ; if the series be long, fche residual errors will be gradually 
completely eliminated. 

We have then — ■ 

Em cos ^ni = An, B^ siu ^,,1 ~ ^m- 

If 11m be the equilibrium argument at epoch, we have 

Whence tc^ = ^m + ^hl, and H^ = --^. 
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The meanings of ho^ Sq^ v, f, f,^, have been explained in the last 
section. 

§ 6. The Tides Sg and Kg. 

These are the principal solar and luni-solar semi-diurnal tides. 

If- the tide S^ is in the same phase as Kg at any time, three months 
later they are in opposite phases. Hence, for a short series of obser- 
vations, the two tides cannot be separated, and both must be con- 
sidered together. It is proposed to treat a long series of obse^rvations 
as made np of a succession of short series ; hence I begin with ashorfc 
series. 

For the sake of brevity all the tides excepting S^ and IC, are 
omitted from the analytical expressions. 

Since F" = F.-f 2*;^, 

h =: E,COS {Vs-ts) +12" cos (Js'\-^t^t% 

= COS F4I2^cos f. + E^cos {2tit^D} 

+ sin Vs{Bs sin f,~ E'' sin (2»?^--t'0 }• 

Hence, taking into account the equation w^hich expresses tha^t h is 
a maximum or minimum, and neglecting the variation of 2fe or 2t/^ 
compared with that of F^, we have — 

h cos Vs == I^s cos t*-f-E'' cos (2i/^-~g""), 

h sin Vs = Bs sin 'Q-B'' sin (2^1^ -f'O* 

The mean, interval between, each tide and the next is 6^' 210. Then 
if ^ be the increment of 2fe in that period (so that with 2i^ equal to 
0''*082 per hour, g is equal to 0°*510), the equations corresponding to 
the (r + 1)*^ tide are approximately — 

h cos Vs = E,cos £V+E'' cos O^—^'O?! 

h sin Vs = Ms sin fs— IE" sin (jg—^"^ J 

Now, if P be the cube of the ratio of the sun's parallax to its mean 
parallax, the expression for Sg, together with its parallactic inequality 
(the tides T, R of harmonic notation), is PH^ cos (2t— %). 

Since t is the mean solar hour angle, 2t is the same thing as F«. 

Hence Ms = PH^, ^s = «•*» 

Also if Po be the value of P at epoch, then for a period of two or 
three months we may take P = Po(l+i>0? where P^p is equal to 
dPldt, 
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Again, if we put 7 



H 



ft 



H, 



we haye 



Also since the argument of the Kg tide is 2t-{-2h—2i^'' — ic^% where 
2p" is a certain function of the longitude of the moon's node (tabu- 
lated by Baird), and since t =^ 0, h = K at epochj it follows that 

Kow, when the means of the equations (17) are taken for?^-fl, 
successive tides, the latter terms become— i^R^' . (|-w^ — £"'0? where 



Hi = 7 



sin-|(^ + l)^ 
(^ + l)sin-|^ ' 



a»«ft ** a« «9Q>» 



(18). 



Also, if we write 



II = P^(l+|tipx6^^21), 



1 



As 


: ~^h cos Vs, 


I. 


B, 


: ,-,2^2) sin Vs, 


^ 


OUT equations become — 


- 





o»**»«»«#jf«S 



19) 



A§ = nH^cos z^+f^'X^^H^ cos (w— /c"), 
Bs = nH^ sin «r^-— f'^'X^H^sin (w— a:"). 



•»»»«»»9 \u\j}„ 



It may be observed that O is the mean value of P during the interval 
embraced by the ^ + 1 tides. 

In reducing a short series of observations we have to assume what 
is usually nearly true, viz., that ic' •=. ks and 7 = 0*2725 as would be 
the case in the equilibrium theory of tides. 

With this hypothesis, put 

JJ cos = n + X^^f " cos w^ 
Usin <p = X^jf" sin ft', 

from which to find Z7 and 0. Then 

As == H^lTcOS (fCs — <p), 

JBs = H^ZJsin (Ks~(p), 
from which to find H^ and %. 

Lastly, }c" ~ Kg, H" = o/H^ = 0*272 H^. 
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In order to minimise tlie disturbance due to the lunar tide M.2, we 
have to make the n-\-l tides cover an exact number of semi-lunations, 
namely, the same period as that involved in the evaluation of Mo. 
The elimination of the Mg tide is adequate, although not so com- 
plete as the elimination of the effect of the fe<^ tide on Mg, because M^ 
is nearly three times as large as So. 

A Long Series of Observations. — Suppose that there is a half year of 
observations, or two periods of six semi-lunations, each of which 
periods contains exactly the same number of tides. 

Then each of these periods is to be reduced independently with the 
assumption that 7 = 0*272 and Kg = k". If this assumption is found 
subsequently to be very incorrect, it might be necessary to amend 
these reductions by multiplying \n by H"-t-0'272H5, and by adding 
Ks — k" to (JO ; but such repetition will not usually be necessary. From 
these reductions we gefc independent values of H^ cos ks, H^ sin fCg from 
each quarter year, and the mean of these is to be adopted, from which 
to compute H^ and fcg. It remains to ev^aluate H^' and k\ 

The factor f" and the angle 2j^'' vary so slowly that the change may 
be neglected from one quarter to the next, although each quarter is 
supposed to have been reduced with its proper values. 

Let ho and h'o be the sun's mean longitude at the two epochs ; they 
will clearly differ by nearly 90°, and we put 2h'o^=^ 2ho-{-7r-^2Sh, 
Hence it is clear that the value of w in the second quarter is 
iv-\-2Sh-\-7r, 

Thus the four equations, such as (20), appertaining to the two 
quarters, ma}' be written- — 



As = nH.cos a:, + ™ . f'H' cos (w 

7 



'/ 



): 



jBs = nHo sin 



^sm Ks' 



™. f'H" sin (a;-/'), 
7 

As' = n'H,COS «:,-— . f'H" COS {w + 2bh~,c"), 

7 

B; = n'H,sin«:, + ^.f'H"sin {w + 2^h->c"), 

7 



>..... (21) 



-J 



where the accented symbols apply to the second quarter, and where 

^ ^ _«iZ^(!^L)^ = 0-656, a constant. 
7 (t^^-i)smJ^ 

From (21), 

^."-^/-(n-nOH,COS«:, = 2— .f'H"cOsMcOs(a; + ^/^-/c"), 

7 

-^,+J5/ + (n-nOH,sin Ks = 2^. f'H" cos c7^sin {iv + hh-^K^'). 

7 
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Prom tLese two equations, H^^ and k" may be computed, and since 
n~n' is very small, approximate yalnes of H^ cos /c^, H^sinw:^. 
suffice. 

§ 7. The Diurnal Tides K;^, 0, P. 

Amongst tlie dinrnal tides I shall only consider K^^ tlie luni-solar 
diurnal, the principal Innar diurnal, and P the principal solar 
diurnal tides. 

There is the same difficulty in separating P from ^^ ^^ i^ ^^^ 
case of Kg and Sg, and therefore in a short series of observations P 
and K-j^ have to be treated together. It is proposed to treat a long- 
series of observations as made up of a succession of short series ; 
hence I begin v^ith a short series. 

For the sake of brevity all the tides excepting 'K.^^ 0, P are 
omitted from the analytical expressions. 

If \ym denotes (7 — a)t, we have 

Y^^Y^^at, Yo=-^V,.-at, y^, =:^F..+ (^-2^)^, and 

h ~ B' cos {\Ym + <^t--i') +i?'oCOS {\Vm'~'^t—io) 

+ E^COS (JF,;^-f (^•~29;)if-^^,), 

" COS^K«{i^'cOS (o-^~^')+-KoCOs(o-^ + ?o)+jKi5COS {{(^~-^)t—^p)} 

-f sin iF4 -E' sin {crt-'C) +S, sin (o-^ + f.) -B^ sin {{a~%))i-^p)}. 

Hence, taking account of th^ equation which expresses that /?, is a 
maximum or minimum, and neglecting the variation of at compared 
with that of \Ym^^ we have — 

h cos^F^ = IZ'cos {(jt--^')-\-BoGo^ ('^^-fto) -\-^p cos {{(^—^rj^t—^p), 
h^in^Y.,, =z ^B' sin (^^—f) -i-Bo sin (crti-'Q) -~Bp sin ((a~-2')])t--^,jy). 

The mean interval between each tide and the next is 6^ '210. 

Then if e be the increment of s, and z the increment of s—2}i in 
that period (so that with cr equal to 0°*5490 per hour and a-~2irj 
equal to 0°*4669 per honr, e is equal to 3°*4095 and z equal to 2°'8994) ; 
and if a^ h, c denote the values of crt-—^', o-K^ + fo, (cr—27])t—-^p at the 
time of the first tide under consideration, the equations corresponding 
to the (r + 1)*^ tide are approximately — 

h cos iYm — B' cos (a-\-re) +Bo cos (6 + re) +Bp cos (o-i-r^),1 

h sin ^Ym = —B' sin (a + re) -\-Bo sin (6 + re) —-B^ sin (c + rz). J 

If we take the mean of n-\-l successive tides, the first pair of terms 

*' I have satisfied myself by analysis, wkick I do not reproduce, that on taking 
means this error becomes very small. 
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m 



will "be multiplied hj Y\ • — i ^^^ *^® ^^^t term bj tlie similar 

\fl~j~i.) sill q'S 

function with ^ in place of e ; also the r in the arguments must be 
put equal to -1%. 

If the (ti + 2)* tide falls exactly a semi-lunar period later than the 
first, (7h-\-V)e = TT. On account of the incommensurabilitj of the 
angular velocity o-, this condition cannot be rigorously satisfiedj bnt 
if the whole series of observations be broken up into such semi- 
periods, then, on the average of many such summations, it may be 
taken as true. 

Since \e is a small angle, (w + l) sin |e = ^w, and sin ^{n-\-V)e=^ 1 ; 
hence the first factor is equal to 2/^. 
Again, 



\{n-\-l)z = 1(^ + 1)6. 



and {n-\-V) sin-|0 

Therefore 

sin 1(^^4-1)2? 2 



\w « 



z 

6 



ff- 



tTT 



'V 



a 



76° 32' in degrees ; 



V 



<T 






. ~LTY^-^^r - — • - — T- sin 76° 32' = -^X 1'1436 



IT 



XX, suppose. 



\ne = \7r—\e = |7r-~l°-7048, 



Again ^,.k. — ^. 

\m = t^-13"-4647-^r-4497 = |^-14"-9144 

^ = a- r-7048, 



Kow let 



B 



and we have 



c/ = c-14"'9144J 



J. I VyTcO, r" ••••!>•»*•««*••»• CfcOJ, 






a-^%ne = l-Tr + a 



"^ 



Thus, if ?*4-l is the mean number of tides in a semi-lunar period, 
the means of equations (22) become 



TT 



2(r^. + l) 



^Ji cos \Ym = — jB' sin a-^^o sin ft—XEp sin 7, 



y • • (2-*'>): 



777 — —r^^h sin f Fw •= —E' cos ^ -f Bo cos /3— XB/cos ^y, 
2(» + l) ^ ^ "J 

where the summations are carried out over the first semi-lunar 
period, which may be designated as 1. 
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In applying these equations to the next semi- period 2, the result is 
obtained hj writing a~\-(n-i-\)e for a, h-\-(n~\-l)e for &, and 
c-{-(n-{-l)z for c; that is to say, a-\-7r for a, h-{-7r for h, and 
c + 163°-0706 or c+7r-26°-9294 for c. 

If, therefore, we put e = 26"*9294, we obtain the result from (25) 
by changing the signs on the left and writing 7 — e for fy. 

The equations for semi-periods 3, 4, 5, &c., will be alternately -f 
aiid — on the left, and identical as regards the terms in a and j8, but 
with 7 — 2e, 7— Se, <Y — 46, &c., successively in place of (y. 

Let the observations run over qu semi-lunar periods ; then double 
the equations appertaining to periods 2, 3 . . , (m — 1), add all the m 
equations together, and divide by 2(77^ — 1). 

The terms in Up will involve the series 

This is equal to 



2^(!?lfl)l«"l(./_i(„^_l)e). 
tan |e cos ^ ' 2 V / / 



Then if we put 



„ = --^ — 2^ _d_ where X = 1'1436 

(m— l}tan-|6 



our equations (25) become 

--—— —-rjjrl COS "o Vfti 

4(/i + l)(m — 1) ^ 



= — 12' sin a — Bo sin^ — /iJE^j sin (7— |^(m — l)e), 
-2^ sin I F» 



V. . . (26)^ 



= — i2'cos<% + S(^cos/3— /tE^jCos (7-— i('^^~l)G),J 
where 2 now denotes summation of the following Idnd :■ — ■ 

{2(l)-2(2)} + {E(3)~2(2)} + {S(3)~2(4)} + . . . 

Suppose the whole series of observations to be reduced covers 
exactly 2m + 1 quarter 'lunsbv periods, which we denote by I, II, III, &c. 

First suppose that the semi-period denoted previously by 1 consists 
of I + 11, that 2 consists of III + IV, and so on. 

Let to denote the time of the first tide of the series, and since noon 
of the first day is epoch, to cannot be more than a few hours. 

Let i = -I© —0-4 ■= l°'704iS-~(Tto, 

(27). 
and h = ^z~~(cr-2'^)to " l°-4497~(<T-2r/)fo 

i and h are clearly small angles. 
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iCtJij 



Since 6 = 26°'9294, ^e + r^Udl = W'dlU. ; and from (23) 



13 = er^,+ro-r-7048 = (ro-"i% 

^ =: (^-2-^)^,- 1:^-14°'9144 = ™r,,-^~|e 



(28). 



2^y 



If tlie same notation he adopted as that explained in § 4 (the onlj 
difference being that we now deal with qnarter-lunar instead of 
quarter-anomalistic periods), we have 

S^'h Gos^Vm = -B' sin (^' -\-i) —Bo sin (£*<?— +;*-Bp sin (^p + k + ^me), 
8% sin ^Vm = — -B' cos (f + ^) + B^ cos (g'o— **) —j^Bp cos (t^ + & + Jme) , 

Secondly, suppose the semi-lunar period indicated hj 1 consists of 
II + III, that 2 consists of IV + Y, and so on. Then, ohviously, 
the result is got by writing to + ^Trla for to ; that is to say, write i—^7r 
for i and ^•— |(<T--2'^)7r/cr, or h—^w+7]7rj(F for ^. But ^tt/o- is equal to 
ie, and we write ^~|7r-f--|6 for h. Therefore, following the notation 
used in §4 for INT and L, 



SWi cos iF,« = -B' cos (t + -5, cos (?.-0 

— /iEj, cos (f^ + Z^+Km 4-1)6), 

Ss-^/i^sin |Fwi = —12' sin {^^ +{) — Bo sin (to—*) 

~/iE^ sin (gp + ^ + ^{m + l)e)._ 



K30). 



These four S's require correction for the disturbance due to the 
semi-diurnal terms Mg and Sg, and I shall return to this point later. 
In the meantime write 



cos 



-^ ^ = o ' ^ • -2 r j^i4~corr., 



-y- 

z 



} = Si"/i^?^lF„ + corr. (31), 



and we have- 



|(W + Z) = —Bo sin (f^— t) — Mi?p sin |6 cos (g^ + 7c + i(2m + 1)6), 
KX— Y) = i?ocos(g'o— i)— /*Spsin|€sin(g'^4-7^^-|(2w^4-l)e), 
|(W-Z)= E'sin(|:' + *') + ^^^cosi€sin (g-^ + 7i^ + l(2m + 1)6), 
|(X + Y) =— 12' cos (g" + ^)~/iB^ cos |e 008(5-^ + fcH-|(2m + l)e). 
If we put L == { ^ (X -\-Y)-^B' cos (g*' + i) } tan fe, 



(32), 



(33). 



M = {|(W-Z)~-E'sin(t' + ^)} tan|-e, 



. • . • • \ O jb j I 
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the equations (33) may be written — 

l_(w-+z)-L=:-JS,sin(ro-00 

i(X-Y)+M== Bo cos C^o-i) J 

The four equations (82), (33) involve six unknown quantities, 
B\ f', Boi to> Bp, ^p, and are insufficient for their determination. 

In reducing a short series of observations it is necessary to assume 
■what is usually nearly true, viz., that tcp = k\ a,nd Hp/H.' = 0'3309, 
as would be the case in the equilibrium theory of tides. 

Then, writing q for 0*3309, we have approximately E^ = Hp = gH'. 
The argument of the K^ tide is t-\"(Jh — v')--^7r—'K\ where p' is a 
certain function of the longitude of the moon's node (tabulated by 
Baird) ; and the argument of the P tide is t~'h-\-^7r—Kp. 

At the noon which is taken as epoch t := 0, h =^ ho^ and the two 
arguments are equal to — f' and —^p> 



-^TT— K , 



Hence —^'= ho — v 

Therefore g*^ = g"' + 2ho — ,/' — ^ -f (/.^ -- ,c') , 

Putting icp = fc' as explained above, 

where l = Jc--i=^ [l°-450-(cr-27;)4] -™-[r'705~<J, 

= — 0°-2'65-\-2rjto, a small angle. ...,,.... (36). 

Then, if 0= 2ho -i/ -^l^ |(2m + 1)6, 



Pm = ^/* COS ie, J 

we have 



l(W-Z) = fH'sin(g' + ^)-/>«^H^sin(r + ^-f-fO. 
i(X-hY) =~fff cos (r + 04-/>,..H'cos it + i + e). 

Let T cos Y^ rrr i' — p^^ COS 0^ 1 



, . (38). 



T sin Y' = /j,;j sin 0. J 



whence T and ^ may be computed ; and 

i(W"-Z) = H'Tsin(g'+i:-yr), 
K^+Y") =-H'Tcos(g' + ^™V^). 
From these we compute H' and g' and t' + '^'' 
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Then if u = ho—v—^Wj tTie equilibrium argument at epoch 
of Kj^, 

We have also H^ = qW = 0-3309 H', fc,p = «:'. 

Returning to equations (34) and (35), we. compute B' = f'H', 

and hence B' . (t'' + ^), and then L and M. 

sm ^-^ ^' 

Having these, we compute Eo and fo from (35). 

Then, if Uo = ho — v — 2 (s^ — f ) + 2^? the equilibrium argument at 

epoch of 0, 

^0 ■—- C,o~r'^^05 and JlXjq ::= "IT"? 

Jo 

where f^ is a certain function of the longitude of the moon's node, 
tabulated in Baird's Manual. 

A Long Series of Ohservatioyis. — -Suppose that there is a half year of 
observation, or two periods of thirteen quarter-lunar periods, each of 
which contains exactly the same number of tides. 

Then each of these periods is to be reduced independently with 
the assumption that g = 0'3309 and Kp = k\ If this assumption be 
found subsequently to be very incorrect, it might be necessary to 
amend these reductions by adding icp — ic to the value of 0, and by 
multiplying p„j by H^ -^ 0*3309 H', but such repetition will not 
usually be necessary. 

From these reductions we get independent values of H'cos/^:', 
H' sin K, Ho cos kq, Ho sin Kq from each quarter year, and the means 
of these are to be adopted from which to compute H', /c, Ho, Kq. 

It remains to evaluate H^ and Kp. 

The factor f and the angle v' vary so slowly that the change from 
one quarter to the next may be neglected, although each quarter is 
supposed to have been reduced with its proper values. 

Let ho, h'o be the values of the sun's mean longitude at the two 
epochs ; then since the second epoch is nearly a quarter year later 
than the first, h'o will exceed ho by about 90°. 

Let h'o = ho + ^TT-^Sh, so that Bh is small. 

If t' + ^t'? SiJ + ^^Si? he the values of g*', ^p at the second epoch, we 
have f' + at:' =:—h'o + v'-\-i7r-\-ic\ f' ^—ho+p' + ^Tr+K^ and therefore 
S^' = — Itt — Sh. 

Again, ^p^^^p = h'o~^7r-{-Kp, ^p^= ho—^yr-j-Kp, and therefore 

Let i + Si, h-\-dh be the values of i and h corresponding to the 
second epoch, and let W, X', Y', Z' be the values of those quantities 
in the second quarter. Then, replacing :J(2mH-l)G by 87°*5, since 
that is its value when 2m-j-l is 13, we have from (33) 
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i(W-Z') =:~~E' cos i^' + i + Bi-Bh) 

+ /iBp cos 56 sin (f|j + fe + ^/i^ + Bli + 87°'5)5 
i(W-Z) = E'sm(r + +/tE^,cos|esmfe + A; + 87"-5), 
-|(X+Y) ^-E'cos(r' + ~/iE^,cosi6Cos(f^ + A; + 87°-5), 
Hence 

l(W'-ZO-KX + "^) = -B'sinK^^'^-^/O sin (^ +^ + K^^^'-^^)y 
4-/ii?yCosiecos|(afc + a^0cosfe + A; + |(a/i; + a/i)+87°-5), 

l(W-Z)+i(X'+T') =-J5'sini(^^"^/l) cosCj-' + ^' + iC^^'-^A)) 



r(41). 



In tliese equations B' is equal to f 'H^ and B^ is equal to H^. 

The terms involving B' are clearly small, and approximafco values of 
B' and ^\ as d-erived from tlie first quarter, will be sufficient to com- 
pute them. Afterwards we can compute B^p or PI^, and ^p ; then if 
Up denotes —Iio-j-^tt, the equilibrium argument of P at the first 
epoch, tcp = ^p-^Up. 

The values of H^, Kp thus deduced ought not to differ Terj largely 
from those assumed in the two independent reductions. 

The same investigation serves for the evaluation of the P tide from 
any two sets of observations, each consisting of thirteen quarter-lunar 
periods, and with a small change in the analysis we need not suppose 
each to consist of thirteen such periods. But the two epochs must be 
such that sin Bh is small and cos Bh is large, or the formulae, although 
analytically correct, will fail in their object. 

§ 8. — The JDisturhance of K-j^, O, P due to Mg and S3. 

It has been remarked in § 7 that the diurnal tides are perturbed 
by the semi-diurnal. The general method has been given in § 3, by 
which to calculate the effect on any one tide, whose increment of 
argument since epoch is Vp and speed is j?, due to a tide whose incre- 
ment is Vq and speed q. 

Since in the present instance all the diurnal tides have been 
consolidated into one of speed 7— o-, we have to calculate the effect 
of the tides whose speeds are 2('v— o-) and 2(7 — 9;) on the tide whose 
speed is 7-— o-. It follows, therefore, that the factor qjp or kg of (3) 
is in the first case equal to 2(7— (t)/(7 — o-) or 2, and in the second 
case is 2(7-^)/(7"^) or 2*070 ; or h, = 2, fe = 2'070. 
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The coefficients F, G, f, g, as due to the tide Mg of speed 2(7—0-), 
will be written with suffix m, and as due to the tide 83 of speed 
2(7—?;), with suffix s. The sums and means have also to be taken 
in the two ways denoted bj S° and S^'^. Hence we have altogether 
to compute sixteen coefficients, which by an easily intelligible nota- 
tion may be written ¥J-^\ G-;^^°\ . . . f/^""), g^(i7r). 

In order to compute the sixteen coefficients, it is necessary to find 
the mean cosines and sines of the four following angles, viz. : — 

■|Fm±F»j, ^Vnt^^Vs, and the means have to be taken in the two 
ways denoted S° and S*"". 

These means are exactly the same in form as what the means of 
h cos and h sin (which had to be evaluated in S° and S*"") would 
be if all the heights were regarded as positive unity, irrespective 
of whether they are H.W. or L.W. Hence the same plan of com- 
putation serves here as elsewhere ; the plau is explained in the 
following section. 

By comparison of equation (7) and the definitions (31) of W, X, 
y, Z in the last section, we have : — 



■^ 
J 



h (42). 



W = 8%cosiV„, -{A^^Jo) -\-Bn,GJo) ^_^^E/«) + j5,a/<')} 
X = S^hsiniVn^ ~{AJJo) j^Bmgn^^o) +^,f/o). -}-:e,g/o)}^ 

Y = S^-/^cosiF,^~{^J,^(^-) + -S,^a,^(i-)+^.F#-) + i^.a^^^^^ 

Z = SM.siniF^~{^J..(i->H--B«zg^^^-> H-^.f/i-)H--B,g#-)}. 

The four quantities Am, Bm, As, JBs are known from, the evalua- 
tions of the tides M3 and S3 ; whence the corrections referred to in 
§ 7 are calculable. 

§ 9. On the Summations. 

It will be seen from the preceding sections that sums have to 
be found of the following functions : — 



and also of 



. COStt zCOS y zCOSi-r;r . 

^sin '^^^ ^sin ^^' ^sin^^^' 



COS ITT COSgy COS.iy- ,-p-x 

sin^^^^' sin^'^^' gij^ (.2 ^m± ^^^;- 



It is necessary to calculate the five angles fF^^, Vs, ^Vm±Vs, and 
Vm, for each tide, and the reader will easily see, by the example in 
the Appendix, how they may be computed with considerable rapidity, 
by aid of an auxiliary table A. 

The computation of sines and cosines and multiplication by heights, 
may, with sufficient accuracy, b© abridged, by regarding the cosine or 

VOL. XLVIII. Y 
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sine of any angle lying within a given 5° of tlie circumference as 
equal to tbe cosine or sine of the middle of that 5°. 

The process then consists in the grouping of the heights according 
to the values of their F's (Vm, F1, •k^mr as the case may be). The 
heights in each group are then summed. Since the L.W. heights are 
all negative, they arc treated in a separate table, and care consid(;rod 
as positive until their combination with the ll.W. at a later stage. 
We shall, for the present, only speak of one of these groupings, 
taking it as n, type of both. 

Since ,/ (<;« + 180°) = — .' «, the eighteen groups forming the 
sin sin 

3*'*^ quadrant may be thrown in with the 1^*^ quadrant by a mere 

change of sign ; and the like is true of the #^ and 2"** quadrants. 

Since cos (180°— a) =— cos % and sin (180°— a) = sin a, it follows 

that we have to go through the 2'"^ quadrant in reversed order, in 

order to fall in with the succession which holds in the 1^^ quadrant, 

and, moreover, the cosine chfinges its sign, whilst the sine does not 

do so. Hence the following schemes will give us the eighteen groups 

which all have the same cosines and sines : — 

for cosines 

( 1«^ - 3^-^0 - (*^''^ - '1*^0 reversed, 
Por sines 

(ist_3ra) ^ (2"^— #1^) reversed. 

Thus, one grouping of the heights serves for both cosines and sines, 
and, save for the last step, the additions are the same. 

The combination of the H.W. and L.W. results is best made at the 
stage where 1^^— 8**^^ and 2"^— #^ have been formed. 

The negative signs for the L.W. results are introduced before 
addition to the H.W. results, and total 1''^— 3^*^^ and 2"*^— #^ are thus 
formed. 

After the eighteen cosine and sine total numbers are thus formed, 
they are to be multiplied by the cosines or sines of 2"^ 30', 7° 30', 12° 30', 

.,,,87'' 30'. The products are then summed so as to ffive 2/i ^'?^ 

It was noted at the beginning of this section that we also have 

suras of the form 2 . \ These sums are obviously made by entorinii- 

Sm J <J ir 

unity in place of each height, and, of course, not treating the L.W. as 
negative. Thus, where the H.W. and L.W. are combined it is not neces- 
sary to change the sign of the L.W., as was done in the combination of 

cos 
H.W. and L.W. for 2/i . , These summations are considerably less 

sm 

laborious than the others. 

In the case of the tides Mo and So, the division of the sums S/i ?'^ 

sin 
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by the total number of entries gives tbe required results-. But for 
N, L, and similarly for the diurnal tides Ki^, 0, P, the grouping and 
summations have to be broken into a number of subordinate periods, 
whicli are to be operated on to form S° and S*'^. The multiplication 
by the eighteen mean cosines and sines is best deferred to a late stage 
in the computation. 

Thus, for example, for IST and L, the quarter-lunar-anomalistic 
periods, i, ii, iii, &c., are treated independently, and we find 
(1®*— 3^^)4:(2'^*^— #^ reversed) for each. There are thus eighteen 
cosine numbers and eighteen sine numbers for each of i, ii, iii, &c. 

We next form the snms two and two, i + ii, iii + iv, &c. ; next find 
the differences (i + ii) — (iii -fiv), (v + vi)— -(iii-fiv), &c. ; add the 
differences together ; then multiply by the eighteen cosines or sines 

of 21'', 7|°, &c., and finally multiply by 4/ . ta/ T\, and so find^ 

CjoT COS 

sm 
We next go through exactly the same process,, but beginning with. 

ii instead of i, and so find B^'^li . . 

' sm 

The same process applies, mutatis mutandis ^ for finding S° and 

sm* 

There are two cases which merit attention in particular. The 
sorting of heights in quarter-lunar-anomalistic periods, according to 
values of Ym, serves, in the first instance, for the evaluation of 'B and 
L, but it serves, secondly, to evaluate Mq, for we then simply neglect 
the subdivision into quarter periods and treat the whole as one series^ 
but stop at the end of a semi-lunation. 

The sorting of heights in quarter-lunar periods,, according to the 
values of |Fm, also serves several purposes. 

We first find from it S° and B^^'^h • iFw, and secondly, by merely 

counting the entries in each group for each quarter period, instead of 
adding up the heights, we arrive at S° and St^ cos ^Ym- (It may be 
noted in passing that what is wanted, according to preceding analysis, 

is the sum of . (|^Fm— F^), so that there will be a change of sign in 

sm 

the sine sum to get the desired result.) 

But, besides these, S'^ and S*^ ^? (|F»i+ F») can be obtained with 

sm 

sufficient accuracy from the same sorting. 

The angles ^Ym, were sorted in four times eighteen groups, for each 

quarter- lunar period. If each angle were multiplied by three, the 

eighteen entries of the 1^^ quadrant would be converted into three 

groups of six, lying in three quadrants, viz., I^*, 11"^, IIP^; the 

y 2 
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2"^ quadrant is changed to IV^^, I^^ IF^; tlie 3^^ to IIF^, 1Y^\ 
K^ ; and the #^ to 11^^, IIF«^, IY^^\ Hence eighteen entries of 1^^— 3^^ 
are converted into three sixes, P*— III^"^, li'^^— IV^^ —{Ft^mrdj . 
and eighteen entries of 2^^-—4P-'^ are converted into three sixes, 

Hence a new P*^— IIF'^ of six entries is made up thus :— - 

first six of former 1®*~3^^ 
+ second six of former 2"^— 4*^^ 
— third six of former lst_3rd^ 

And a new IP^^-- -IV^^^ of six. entries is made up of 

—first six of former 2^^--r-¥^ 
~h second six of former 1^^ — 3^'*^ 
-[-third six of former 2^*— 4* 

These P*— IIP^ and IP^"^-™-IV^^ may now be treated just like the 
other oneso Thns, without calculating fVm-i "we have from the former 
lst__3rd ^j^^ 2°^— 4^^ the 3:'esiilts of a fresh grouping according to 
values of f F^. 

It is true that there is a considerable loss of accuracy, because all 
angles within 15° are now treated as having the same sine and 
cosine, 

§ 10, Mules for the Partition of tJie Observations into Groups. 

It appears from the preceding investigations that it is required to 
divide up the observations into groups. This may be done, vfith ail 
necessary accuracy, and with great convenience, by dividing the tides 
just as they would be divided if every H.W, followed L.W., and vice 
versa, at the mean interval of 6^'2103. 

E'ow a quarter-lunar-anomalistic period is 165^-3272, a quarter- 
lunar period is 1 63^*9295, and semi-lunation is 354^'3670. HencCy 
dividing these numbers by 6^'2103, we find that there are 26*62145 
tides in a quarter- anomalistic period, 26"3964 in a quarter period, and 
57*0612 in a semi-lunation. 

Tt may be remarked in passing that these results show that the 
r, + l of (10), § 4, is 53*243, and the n + l of (25), § 7, is 52*793. 

It is, of course, impossible to have a fractional number of tides, 
and, therefore, we make a small multiplication table of these numbers, 
and take the nearest integer in each case. For example, in the case 
of the semi-lunations, we have-— 

1. 57*0612 57, 4. 228*2448 228, 

2. 114-1224 114. 5. 285*3060 285» 
8. 17] -1836 171. 6. 342*3672 342, 
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These have to be divided between H. and L.W. For the sake of 
convenience, I suppose that we always begin the series with a H.W., 
then when the integer is odd we put in one more H.W. than L.W., 
and thus have the following rule : — 

E"o. of semi-liination . . 1 2 3 4 5 6 

[N'o, of last H.W. in the 

semi-lunation 29 57 SQ 114 143 171 

E'o, of last L.W. in the 

semi-lunation »,,.. . 28 57 85 114 142 171 

The H.W. and L.W. are here supposed to be numbered consecu- 
tively from 1 onwards in separate tables. 

The other rules of partition given in Appendix E are found in the 
same way. 

§ 11« On ike Over Tides, 

Observations of H. and L.W. are very inappropriate for the deter- 
mination of tliese tides (of which the most important are M^, Mg^ 
S45 Sg), because they express the departure of the wave from the simple 
harmonic shape, and we are supposed to have no information as to 
what occurs between two tides. These tides make the interval from 
H. to L.W. longer than from L. to H.W., and there is no doubt that, 
assuming the existence in the expression for ^ of a term of the form 
As.m cos 2 Vm + 'B27n sin 2 Vmj WO shall get an approximation to A^m and 
B2»i by finding the mean of ^ cos 2F^3^ and hBin2Vm. But the com- 
putation of the F, Gj f, g, coefficients for the perturbation of M^ by M^ 
would be essential, and thus the amount of additional computation 
would be very great, whereas in the analysis of continuous observa- 
tion the overtides are found almost without any additional work. I 
am inclined to think that it would be best to obtain hourly observa- 
tions for several days at several parts of a lunation, and by some 
methods of interpolation to construct a typical semi-diurnal tide- 
wave, from which, by the ordinary methods of harmonic analysis, we 
could find the ratio of the heights of the over-tides to the funda- 
mental, and the relationship of their phases. 

I make no attempt at such an investigation in this place. 

§ 12. On the Anmial and Semi-annual Tides. 

These tides are frequently of much importance, so that they ought 
not to be neglected from a navigational point of view. It is obvi-^ 
ously impossible to obtain any results from a series of observations 
of less than a year's duration. 

Rules for the partition of tides into months or 12*^ parts of a year 
are given in the Appendix B. The mean of all the H. and L.VY. ob- 
servations for each m.onth may be taken as the height of mean water 
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afc tlie Biiddle of tlie montli, and tlie 12 values for tlie year may be 
submitted to the ordinar j processes of harmonic analysis for the eTaln- 
ation of these two tides. 

We have supposed in the previous imvestigfation that the tide 
heights are measured from mean sea-level, and although it is not 
necessary that this condition should be rigorously satisfied, it might 
be well, where there is a large annual tide, to refer the heights to 
different datum levels in the different quarters of the year» 

§ 13. On Gaps in the Beries of Ohsmwations. 

It often happens in actual observations that a few tides are missing 
through some accident, or are obviously vitiated by heavy weather. 
Kow the present method depends for its applicability on the evanes- 
cence of terms in the averages. It is true that it is ligorously ap- 
plicable even for scattered abservationSy bmt if applied to such a case 
ail the E, G, f, g coefficients have to be calcnlated., and, as every tide 
reacts on every other j the computation would be so extensive as to 
make the method almost impracticabloo Thus, where there is a gap, 
observations must be fabricated (of course noting that they are 
fabrications) by some sort of interpolation, ,and even values which are 
very incorrect are better than none.'^ If the interpolation is ex- 
tensive, it might be well to test its correctness in a few places when the 
reduction is done. If a whole week or fortnight be missing, and if 
the computer cannot find a plausible method of interpolation, I can 
only suggest a preliminary reduction from the continuous parts, and 
the computation of a tide table for the hiatus. Each such case must 
be treated on its merits, and it is hardly possible to formulate general 
rules. 



APPEISTDIX^ 
Tables and Mules of General AppUcahiUfij, 

A, To find |Vj». 

The following table is for finding what would be the mean moon's 
hour- angle, if the moon had been on the meridian at the epoch. 
This angle is denoted by |Ym or (^i—&)t, and is equal to the angle 
through which the earth has turned relatively to the mean moon (at 
14°''4920521 per mean solar hour) since epoch, 

* Fabricated times and heights would rerj likely be no worse than real obserTa- 
tions during a few days of rough weather, A perfect tide table only elaims to pre- 
dict the tide apart from the influence of wind and atmospheric pressure ; andj 
eonyergely, tidal observations must be sufliciently niimerous to eliminate these influ* 
eaces by averages^ 
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It would be advantageous to extend the table up to 90 days, but it 
can be used as it is for periods greater than 30 dajs by the division of 
the time into sets of 30 days. In the second period of 80 days 5°*7 
must be suhtraoted from the tabular entry, for the third period 11°*4, 
and so on.^ 

For example: Find JV^, for 78^^ 11^ 23™. The day is 18| of 
the third 30, and the tabular entry for 18^^ 11^ is 113°'9, and sub- 
tracting ll°-4 we have 102"-5 ; 23^ gives 5°-6, so that ^Y^ r= 108°-1. 
The correct result is 107°'99, and it is obvious that an error of 0°*1 
may easily be incurred by the use of the table. 

The row for day —^ is given because it may be necessary to use 
one tide before epoch; this row is used in the example below. 

* Observe that the decimals run thus, '0, '5, '0^ &c., then '4, *9, '4, &c., then 
'8, '3, "8, &c., and so on. The first entry in which the sequence alters I call a 
" change." The incidence of " changes " may be found thus : 7 — (T is 14| — '00795 j 
take Crelle's multiplication table for 795, and note where the last digit but three, 
having been 4, becomes 5 ; I say that this is a " change." For example, 559 x 795 
= 444405, and 560 x 795 = 445200 ; then a change occurs at the 560^^^ hour, or at 
the (12 X 46 + 8)*^ hour, or at 23^ 8^. If the table be continued to 60 and 90 days, 
&c., by subtracting 5'^'7, 11°*4, &c., the changes will fall a little wrong, but they may 
easily be corrected by means of Crelle's table, as here shown. — (Added Aug. 2, 1890.) 
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Tofi7id Ys, 

No table is necessary for the conTersion of time into angle at 30° 
per hour to find V^, or 2(7 — ?;)^, since we multiply the hoars by 30^ 
and add half the nnmber of minutes. This rule is the same for every 
day. 

B. The tides S2 and Kg. 
It is required to compute 'U and from 

IT cos (p = n + X«f'' COS w, 

Usin (j> = \nf' sin w, 

where w = 2A-o— 2j^''-f-a5«, 

and. 11 =: 1 -4^ o j — — - — . _____ jy 

\ mean parx. / 

the sun's parallax referred to being its value at the middle of the 
period under reduction. 

If, for example, February 14 is the middle of the period, 11 is 
found thus :— 

Sun's parx. Feb. 14 = 8'^'95j mean parx. = 8"*85, diff. = 4-0"-10. 
Then n = 1 + ^|1? = 1-034. 

The period under reduction consists in this case of an exact number 
of semi-lunations. The following table gives \n and a^, according to 
the number of semi- lunations : — 

No. of semi- 
hmations. 1. 2. 3. 4. 5. 6. 

logX^ 9-4300 9-4169 9*3920 9-3575 9-3113 9-2617 
acn 14°-28 28°-82 43°-36 57°-90 72°-43 86°-97 

lio is the sun's mean longitude at epoch, found from IsTaut. Al. ; and 
%v\ i" are found from Baird's Manual in the tables applicable to the 
tide Kg. 

0. The Tides N and L. 

Summations are carried out over quarter-lunar- anomalistic periods, 
numbered i, ii, iii, &c. Grand totals are then made in two diiferent 
vv^ays, viz. : — 

[S(i+ii)-S(iii-fiv)] + [S(v + vi)-2(iii + iv)] 

+ [2(v + vi)-S(vii + viii)] + &c., to find S% 

and [^(ii + iii) — 2(iv + v)] + [2(vi + vii) — S(iv -f v)] 

4-[2(vi + vii) — 2(viii + ix)] + &c., to find SH 
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where, for example, 2!(i + ii) denotes summation carried over tlie 
half period made up of i and ii. These totals are multiplied by 
certain mean cosines and sines (whose values are given in F), and are 
summed. The next process is multiplication by a factor (P 
(7r/4(w.-f l)(m — 1) of § 4), of which the value depends on the number 
of quarter-lunar-anomalisfcic periods under treatment. The following 
table gives the value of this factor : — 

No. of i-lunar- 

anom. periods. iii. v. vii. ix. xi. xiii. 

$ 0-02950 0-01475 0-00738 0-00492 0-00369 0-00295 

The angle j is also required ; it depends on the time of the first tide 
under reduction. If to be the time in hours since epoch to the first 
tide, 

j:=z l°-690-0°-5444 ^,. 

For instance, in the example below the first tide is at 3^ 14*" of 
day -I; this is 8^46"^, or 8^77, hefore epoch, so that to = —8^77; 
then 

j = r-690 + 0^-5444 X 8-77 = +6°-46. 



D. The Tides Kj, 0, P. 

Summations are carried out over quarter-lunar periods numbered 
I, II, III, &c., and totals are formed like those mentioned in C, and a 
factor ^ (which differs slightly from <I>) is required in the formation 
of S° and S^^^. This factor depends on the number of quarter-lunar 
jDeriods under treatment, and the following table gives its value : — 

ISTo. of ^-lunar 

periods. III. V. VII. IX. XI. XIII. 

^ 0-02976 0-01488 0*00744 0-00496 0*00372 0-00298 

The angles i and I are required ; they depend on the time of the 
first tide under reduction. If to be the time in hours of the first tide 
since epoch, 

i = r-705-0°-549 to. 

Z=-0"-255-f 0^-082^,. 

For instance, in the example below we have, as shown in C, 

to = -8^-77, and 

^=+6°-52, 
Z=-0°-97. 
It is required to compute T and yjr from 
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T cos ^ = i'—pn cos 9^ 

T sin ^ = pn sin 0^ 

wliere 9 = 272.0 -~v -\-l-\- j3u^ 

The period under reduction consists in this case of an exact number 
of quarter-lunar periods, and the following table gives the values of 
p}i and Pn, according to the number of quarter-lunar periods :— 

No. of i-lunar 

periods. III. V. VII. IX. XI. XIII. 

logPn 9-e5749 9-5628 9-5508 9-5303 9*5009 9-4618 
p,^ 20'-20 33°'66 47"-13 60°-59 74'-06 87°-52 

ho is the sun's mean longitude at epoch, the formula for I is given 
above, and v\ f are found from Baird's Manual in the tables applicable 
to the tide K;^. 

B. Rules for the Partition of the Observations into Groups. 

If the first event after epoch is a L.W., either omit it from the 
reductions, or let the first tide be the H.W. v^hich precedes epoch. 
Thus we are to begin with a H.W.^^ 

The H.W, and L.W. are treated apart in separate tables. 

Each tide (H.W, or L.W., as the case may be) is numbered con- 
secutively, from 1 onwards. 

The following are rules for partitions : — • 



* This is not necessary, but it mates the statements of the subsequent rules 
simpler, as they Imye not to be given in an alternative form. 
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For Mg and Sg. 
Semi-lunations nnmbered 1, 2, 3, &c. 
1 



No. of semi-lunation 

No. of last H.W. in tlie semi- 
lunation , 29 

No. of last L.W. in tlie semi- 
lunation , 28 

Total No. of tides up to end of each, 
semi-lunation 57 



2 


3 


4 


5 


6 


57 


86 


114 


143 


171 


57 


85 


114 


142 


171 



114 171 228 285 342 



For Annual and Semi-annnal Tides. 
Months, or y^^^ parts of a year, numbered 1, 2, 3. 



• • 0« •« •• «0 « 



1 


2 


3 


59 


118 


176 


59 


117 


176 


18 


235 


352 


18 


117 


117 



No. of month. 

No. of last H.W. in month 

No. of last L.W. in month 

Total No. of tides up to end of each month, 
No. of tides in each month 

The epoch for the second quarter year should be 91 days after first 
epoch, that for the third 92 days after the first, for the fourth 91 days 
after the third, except in leap year, when the last should also be 92 
days. 

There are six tides (or about thirty-seven hours) more in a quarter 
year than in xiii quarter-lunar- anomalistic periods ; the times of these 
six tides (or ten tides in one of the quarters) are to be omitted from 
the reduction, and their heights are only required when the annual or 
semi-annual tides are to be found. 



F. Cosine and Sine Factors for all the Tides, 

These are the cosines and sines of 2° 30', 7° 30', 12° 30', &c. 
are as follows :— - 

Cosine and Sine Factors. 

Read downwards for cosines, upwards for sines. 



They 



1. 
2. 
3. 

4. 

o. 
6. 

7. 
8. 
9. 



0-999 

0-991*' 

0-976 

0'964 

0'924* 

0-887 

0-843 

0-793=^ 

0-737 



10. 


0-676 


11. 


0-609* 


12. 


0-537 


13. 


0-462 


14. 


0-383* 


15. 


0-301 


16. 


0-216 


17. 


0-130* 


18. 


0-044 



In the evaluation of S° ^:„ %Vm and S^'^ ^:„ fFiw, only the factors 



sm 



sm 



marked * are required. 
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Gr. Increments of Arguments in Various Times. 

Tlie following table gives the increments of arguments of the several 
tides in various periods, multiples of 360° being subtracted. This 
table facilitates verification of the calculation of the harmonic con- 
stants. 



1 hour 

1 day 

10 days 

100 days .... 

1 hour 

1 day 

10 days 

100 days . . . . 





M 


2- 




28° 


•984104 


— 


24 


•3815 


+ 


116 


•185 


-f- 


81 


•85 




L 






29° 


•52848 


— 


11 


•3165 


— 


113 


•165 


— 


51 


•65 



S 


2- 


80° 


•00000 

















Ki 


• 


15° 


•04107 


+ 


•9856 


+ 9 


•856 


+ 98 


•56 



30° -08214 
+ 1 -9713 
+ ]9 -713 
-162 -87 

O. 
13° -94304 

- 25 -3671 
+ 106 -329 

- 16 -71 



N". 

28° • 43973 
■ 37 -4465 

14 -465 
144 -65 

P. 

14° -95893 
-9856 
9 -856 

98 -56 



Tjxam^le, 
(a.) Place, Time, Datum Level, and Unit of Length. 

The case chosen is three months of observation (in reality the tidal 
predictions of the Indian Government) at Bombay, and the epoch is 
0^ January 1, 1887. 

A datum at or very near mean v^ater-mark is taken, so that all the 
H.W. are positive and the L.W. negative. This datum is found by 
taking the mean of all the H.W. and L.W. of the original observations. 
In this case 99 inches was subtracted from all the tide heights. I 
might more advantageously have subtracted 102 or 103 inches, but 
99 inches was chosen from considerations applicable to my earlier 
attempts, but which do not apply to the computation in its present 
form. 

At places where there is a large annual inequality in the height of 
water, it would be advisable to use a different datum for each quarter 
of a year. It is not, however, important that the datum should con- 
form rigorously to mean water-mark, for even the discrepancy of 
3^ inches, which occurs in my example, does not materially aifect the 
result. 

In recording' the heights, a convenient unit of length is to be used, 
and it is advantageous that the H.W. and the L.W. should be expres- 
sible by two figures, so that the larger H.W. and L.W. sball fall into 
the eighties and nineties. The unit of length is here the inch. 
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(b.) Times and Angles. 

The times of H.W., numbered consecutively, ai'e entered in a table, 
as shown on p. 313. Since 0^ astronomical time is the epoch, the p.m. 
tides will come in the half days which are numbered with integrals, 
and the A.M. tides in the half days which fall between the integral 
numbers. 

From time to time there will be a half day with, no H.W. ; this row 
in the table should be left blank, but there happens to be no sach row 
in the sample shown. A computation form, for times and angles might 
be printed, for, although the exigencies of the printer have not allowed 
the entries to be equally spaced in the sample below, yet the computa- 
tion form might be printed with equal spaces, and the dividing lines 
are to be filled in by hand. 

The L.W. table is similar. 

Both H. and L.W. are to be divided into quarter-lunar-anomalistic 
and quarter-lunar periods, and semi-lunations, according to the rules 
given in B. These partitions and the numbering of the entries could 
not be printed, because of the occasional blank rows. 

The formation of ^ Vm and of F^, by means of Table A and the rule 
following it, is obvious. In the subtractions and additions under the 
headings -|y„i— F^and fF^t-h F^, 360° is added or subtracted where 
necessary. Vm is found by doubling |Fm. 

(c.) The Seiglits. 

The H.W. heights are written in columns (with the same blanks as 
in the table of times and angles), and are so arranged, either on 
strips of paper, or by folding the paper, that the heights may be 
pinned to the times, bringing each height opposite to an angle on the 
same row with the time corresponding to that height. The heights 
will on one occasion have to bo pinned opposite the Vm column, on a 
second occasion opposite the Vs column, and on a third occasion opposite 
the ^Vm column. 

The L.W. heights are written in similar columns, but the minus 
signs should be omitted. 

It is well to divide the columns, or to put fiducial marks in the 
table for easy verification of the proper allocation of the heights with 
the times. Any marks suffice, but the division into quarter-anoma- 
listic periods, as shown below, seems to be as good as any other. 

If it is proposed to evaluate the annual and semi-annual tides, it is 
necessary to carry on the heights beyond the times by 3 (or 5) H.W. 
and 3 (or 5) L.W., and to partition them into months. The mean 
for each month is evaluated, and if the successive quarters of the 
year are referred to different data, the mean monthly heights must 
all be referred to a common datum. This process is not carried out 
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in mj example, because it is useless to attempt tlie evaluation of 
these tides of long period from three months of observation. 

H.W, 
55 i 



47 


19 


41 


19 


37 


26 


35 


37 


37 


52 


42 


66 i 


50 ii 


80 


57 


91 


63 


None 


99 


67 


101 


66 


99 


65 


92 


58 ii 


81 iii 


&c., &c 



The sum of all the H.W. entries to the end of xiii is 9791. The 
sum of all the L.W. entries to the end of xiii is 8577. Tbere are 17o 
H.W. and 173 L.W. Hence mean sea-level is -g-i-g (9791—8577), 
which is equal to +3'51. It v^ould have been better, therefore, to 
have subtracted 103 inches instead of 99 inches from all the heights. 
This v^ould have given mean sea level at — 0*49 from the datum 
adopted. 

(d.) Sorting the Heights according to the Values of the Angles. 

In the tables below the column 0° belongs to all angles between 
0° and 5° ; 5° belongs to 5° to 10° ; and so on. 
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Where an angle falls exactly on a multiple of 5°, an arbitrary rale 
of classification is required, and it is easiest to deem it to belong to 
the next succeeding 5°, rather than to the preceding 6°. 

(e.) Sorting according to Values of Vm^ 

The H. and L.W. are treated in separate tables, similar in form 
save that the -- signs of the L.W. heights are omitted. 

The sheets of heights (c) are pinned opposite to the F^'s on the 
tables of angles (b), and the heights are then entered successively 
into the columns corresponding to their Fm's in a table like the 
follovfing. 

The division into quarter-lunar-anomalistic periods is maintained, 
but as this sorting is to serve a double purpose, it is necessary to mark 
the end of the last semi-lunation. In these tables there are two H.W. 
and two L.W., which fall after the end of 6 semi- lunations, and before 
the end of xiii quarter-lunar-anomalistic periods. 

Nearly all the entries fall into one quadrant for H.W., and into 
another for L.W. Thus there are no H.W. entries in the 4^^ quad- 
rant, and no L.W. entries in 2^^^ quadrant; there are altogether only 
10 H.W. entries in l^*' quadrant, and 3 in 3^^ quadrant ; and there 
are only 4 L.W. entries in the 1^*^ quadrant, and 17 in 3^^ quadrants 
Something like this would hold true at all ports. 
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(f.) Tahle of Bums for N and L. (See p. 320.) 

Maintaining tlie divisions i, ii, iii, &c., it is now necessary to sum 
eack of tlie four times 18 vertical columns in eacli of the xiii divi- 
sions, to subtract the 18 columns of the 3^*^ quadrant from the 
18 columns of the 1^^, and to subtract the 18 columns of the 4*^^ 
quadrant from the 18 of the 2"*^. The 2"^— 4^^^ columns have then 
to be reversed. 

Since in this case nearly all the H,W. fall in the 2^^*^ quadrant, 
and nearly all the L.W. fall in the 3^^ quadrant, it is easy to write 
down at once 2"^— 4^^, and l^*' — 3^^, as shown on the next page. 

In this the — signs of the L.W. entries have to be reintroduced, 
but as the L.W. lie mostly in 3^^ quadrant, which enters with nega- 
tive sign, they become positive again. It thus happens that nearly 
all the columns come out -f- ; there are, however, a few — in xii. 

(g.) Tahle of Sums for Mg. (See p. 321.) 

We now disregard the sub-divisions i, ii, iii, &c., and sum the 
4 times 18 columns iuto grand totals, stopping the summations, 
however, at the end of 6 semi-lunations {i.e., at 171 H.W. and 
171 L.W.). 

It would hardly be wise to attempt in this case the subtractions 
][st__3rd^ 2^^— 4*^, without the intermediate steps. 

The following table (p. 321) gives the results. 

(h.) General Rule for Gosine and Sine Summations. 

For ' cosines ' the 18 numbers required are derived from 
(lst„3rdj__(2«^— 4^^ reversed). 

For ' sines ' the 18 numbers required are derived from (1^*— 3^^) 
_l_ (2ad__4th^ reversed). 

(i.) Evaluations ofN and L (continued). (See p. 322.) 

Cosines. — From Table (f) of Sums enter the 18 ' cosine ' numbers, 
in accordance with (h) in xiii vertical columns, and perform the 
operations indicated in the example on page 322. 

The column of ' cosine factors ' are those given in F, and <l> is 
given in for xiii ^-lunar- anomalistic periods. 
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Cosines (continued). — Form columns ii + iii, iv + v, vi + vii, viii + ix, 
x-f-xi, xii + xiii. Form difference columns (ii + iii) — (iy + v) , 
(vi+vii) — (iv + v), (vi + vii) — (viii + ix), (x + xi) — (viii + ix), 
(x + xi) — (xii + xii) ; add the 5 difference columns together; multiply 
by cosine factors ; sum and multiply by ^ or 0*00295. 

The result is : — 

.S^-^cosY,^= -8-38. 

Sines,-— '¥TOxn. Table (f) of Sums, enter 18 "sine" numbers, in 
accordance with (h) in xiii vertical columns. 

Perform all the same operations as those on " cosine " numbers, 
save that v^e use sine factors, which are the same as cosine factors in 
inverse order, viz., beginning with O'O^^ and ending with 0'999. 

The two results are — 

S^'h sin Y^ = + 5' 94, 8^^h sin Y,n = + 10-06. 

Collecting results, proceed thus :— 

S"^ cos Vu = +11-38. S^-^cosY,,, = - S'S 



S^^;^ sin Y^ =:+ 10-06. S°/^sinY^ =+5-94 

Sum = +21-44 Sum == - 2-44. 

Diff. ^ + 1-32. Diff. ^ -J 4-32. 

P == I sum := +10-72. 1^ = 1 sum = - 1-22. 

Q = I diff. == + 0-66. S = I diff. = - 7-16. 

(i.) Evaluation M2 (continued). 

From the Table (g) of Sums for M2 enter in one vertical column 
18 cosine numbers, in accordance with (h) ; multiply them by 
cosine factors ; add up and divide by the total number of entries for 
6 semi-lunations, viz., 342. 

The result is : — 

A^ = "sia^^^ COS Ym = —30-58. 

Then enter in vertical column 18 sine numbers, in accordance with 
(h) ; multiply them by sine factors, add up, and divide by 342. 
The result is : — 

Bm = -dr 2 ^^ si^ "Vm = + 38-47. 

(k.) Sorting according to Values of Vs, and JEvaluation of S3, K2. 

The H. and L.W. are treated in separate tables, similar in form 
gave that the — signs of the L.W. heights are omitted. 
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The sheets of heights (c) are pinned opposite to the "F^'s on the 
Tables of Angles (b), and the heights are entered successively into the 
columns corresponding to their F^'s in a table like (e), which was used 
for sorting according to values of Fm. The sorting is carried as far 
as the end of an exact multiple of a semi-lunation, — in this case to the 
end of 6 semi-lunations. No sub-division is necessary, but for the 
purpose of verification it is useful to break the entries into groups of 
about 40. This is conveniently done by a division after each third 
:^-lunar-anomalistic period, so that i, ii, iii would be the first group ; 
iv, V, vi the second ; vii, viii, ix the third ; and x, xi, xii, and all but 
the end of xiii, the last. 

In this case the entries fall into all the four quadrants with about 
equal frequency. 

We next sum the four times 18 columns, just as with Mg in (g), 
and form 1^^ — S^^ and 2^*^ — 4^^, reversed, in the same way. 

Next we write the 18 cosine numbers, (1^* — S'^^) — (2^^ — 4*^^, 
reversed) in vertical column, multiply by cosine factors, add, and 
divide by the total number of entries, which is 342. Afterwards 
write the sine-numbers (1^^— 3^^) + (2'^^--4^^, reversed), multiply by 
sine factors, add, and divide by 342. 

The results are : — 

A. = -wir^h cos V, = +21-08. B, == ^i^^h sin Y, = +3-62. 



(1.) Sorting according to Values of ^Vm^ 

The whole process is precisely parallel to the sorting according to 
values of F^in (e) ; the thirteen divisions are, however, given by the 
quarter-lunar-periods I, II, ... , XIII. The only difference lies in the 
substitution of the factor ^ (for XIII equal to 0*00298) for O. It is 
unnecessary to give an example. 

The results are : — 

8% cos |V^ = - 10-50, S°)^ sin |Y,^ =^ -f-8-04, 

Si^h cos lY^ = + 0-40, 8i-Ji sin ^Y,^ =z + 3-74. 

(m.) Sorting of \Y^. 

It is required to find what the sums in (1) would be if every H.W. 
height had been unity, and every L. W. the same both in magnitude 
and sign; in fact to find S'' cos -JF^, S*^ cos -^F^, &c. 

This is done by counting the entries in the preceding sorting in 
(1) without regard to magnitude, taking the L.W. entries as actually 
positive, instead of being (as they are) negative quantities with the 
negative sign suppressed. 

Since in this case we have simply to count entries which are all 
treated as positive, the table of sums of H. and L.W. may be written 
together. The following example gives part of the work — • 
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We next proceed to form XIII colximns of cosine numbers, and 
generally to operate exactly as thongli these numbers were lieiglits ; 
and then proceed with XIII columns of sine numbers in the same 



way. 

The results are 



S° cos iV. 



m 



S*^ COS i-Y 



m 



■0-0522, 
•0'0168, 



S°siniY«, = +0-0117, 
S^^siniy,;, = -0-0129. 



(n.) Formation of the Mean Sums of cos fV^ ctnd sin -fYm- 

These maybe found with sufficient accuracy from the last Table (m) 
of Sums, part of which is given. In that table lines are drawn dividing 
the columns into three divisions of six each. These are treated in 
the way shown in the following example : — ■ 

H. and L.W, -^Ym- 



I. 
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Refer to preceding 
sorting (m). 

-l«*sixof 2'i'i"4«\ 
+ 2"^ six of l^*-3^"^. 
+ 3^'^sixof 2^1-4^^. 



+ l/^*six of l«t--3^"^. 
+ 2"^sixof 2"^~4*i\ 
-3^'^ six of l^t-S^'i. 
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+ 2n'isixof l«t-3r*i. 
+ 3^^ six of 2"d~-4th. 



+ l«^sixof l«*"3r^. 
+ 2«d sixof 2"<i-4*^ 
"3^'d six of l^*-~3^-^ 



J St _ 3rd 



• « • « e 
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2nd_5th^ j^-ev. —3 



-2 
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"3 

+ 3 



III. 



&c. 



&c. 



We have now only 6 instead of 18 sub-divisions of the quadrant, but 
the cosine and sine numbers are found in exactly the same way as 
before. 

The following example shows part of the treatment, and the cosine 
factors are those marked * in F. 
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The remaining process is exactly like iliat pursued before, and the 
four results are 

S°cosfY,^ = 4-0-0347, S^sinfY,, ^ -O'lSSO, 

S%- cos fV^ = -0-0479, S4- sin fV,, = -0-0173. 

(o.) The Sorting of JFw-f Vs and of ^Vm— K- 

These angles have to he sorted without reference to the heights, or 
just as though all the heights were unity. Every entry is to be re- 
garded as unity. The following example shows part of the sorting of 
^Vw + Y^, and 1 denotes a H.W., f a L.W. ; by this device H. and 
L.W. may be sorted on the same paper. 

We may also, if it is found convenient, put on it the sorting of 
iV^/^—V^ by adopting, say 0, to denote a H.W. and * a L.W., each 
one of these four signs denoting simply unity. 
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We tlien proceed to count these I's and f's jnst as was done 
with the nnmher of entries in the sorting of ^Ynu and to operate on 
them in the same way. 

The results are 

S" cos (iV^- Y.) = --OO^S, S° sin (!-¥«,-» Y.) = --0060, 

S*'^ cos (JY,^-Y,) = +-0280, S-^-- sin (iY,,,-Y.) = 4- '0078, 

S°cos(|Y,^+Y,) =+-1244, S°sin(|-Y.+YO = 4--0094, 

S4- cos (iY^ + Y.) = + -0147, Si- sin (^Y,, + Y,) == + -0834. 

(p),— Evaluation of Vjo)^ Qjo)^ fjo)^ ^jo)^ -pji.)^ Q,fl^\ UH gJH 

'S's^'K G^s^'\ fs^'\ g/'\ F#-), G.(^-), f/i-), g/*-). 

These 16 coefficients are required to correct the fonr sums 

B°h . ^Ym, Si'^Jb . ^Yjn, for the influence of the tides Mg and Sg. 
oin sin 

I call 8°h cos ^Ym + corrn., W, B°Ji sin ^Ym+ corrn., X, and the 

other two Y and Z. 

The correction to be applied to B°h cos ^Ym to get W is 

and the correction to he applied to B^'h sin ^Ym to get X is 

\_^n -^^mn^^m -O^j-ri^ jri^-f-g^ -^^J? 

and the two other corrections are given by symmetrical formulse 
with (Jtt) in place of (o). 

These coefficients are computed from 8° and Si^ of . (^YmiiYm) 

sm 

and of . (^Y^+Y5),as given in (m) (n) (o). It must be especially 

noticed that we have above In (m) computed S° and S of sin ^Y^ ; 
but iYm—Ym=—iYn^ SO that the signs of our previous results must 
be changed in these two cases. 

If we remark that h^i and fe are constants found by theoretical con- 
siderations, that Am, Bm, As, Bs, are already found, and that in the 
first column we are compelled to omit the affixes to the letters S, h, 
and the F's and G's, because they indicate various sorts of S's and Fs 
and F^s and Gr's in the different columns, the computations in the 
following table are easily followed : — ■ 
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S^ 


S°. 


SK 


m^. 






^m = 2. 


hs = 2 -07. 


7c,n - 2. 


hs = 2 -07 






Y^ = Ym. 


Y^ = Ys. 


Yp =Ym. 


Y^ = Y.. 
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w = 


15-99 


z = 


+ 7-53 


w+z - 


8-46 


w~z = 


23-52 


|(W+Z)= 


- 4-23 


|(W~Z)-^ 


11-76 



X = 


+ 12'75 


Y — 


+ 0-16 


X+Y = 


+ 12-91 


X Yc= 


+ 12-59 


KX+Y)= 


: + 6-46 


i(X-Y)= 


: + 6-30 



(q.) Oomjputation of Astronomical and other Gonstants, 

Find So, the moon's mean longitude (see *]N"autical Almanac,' 
Moon's Libration), and ho the sun's mean longitude (sidereal time 
reduced to angle) from the * Nautical Almanac,' and jp^ the longitude 
of moon's perigee, from Baird's Manual,* Appendix Table XII 
(there called jt), at the epoch 0^, January 1, 1887, Bombay mean 
time, in E. Longitude 4^*855. 

From Baird, Tables XIV, XY, XVIII, find E" the longitude of 
Moon's node, and I, i^, f at mid-period, February 14, 1887.t 

With the value of I find fm from XIX (1) for the tides Ma, K, L ; 
from XIX (3) find f^ for the tide ; from XIX (8) find f ' for the 
tide K| ; from XIX (9) find f ^ for the tide Kg ; from XX find v' for 
the tide K^ ; and from XXI find 2i/'^ for the tide Kg. 

The results are 

So = 359°-43, ho = 280°-63, p, = 165^-36. 

p = -9°-60, I = -9°-00. 

1/f^ = 0-9709, 1/fo = 1-161, f = 0-915, f ' = 0-802. 

„' = -6°-30, 2i^" = ~ll°-75. 

Then compute initial equilibrium arguments, in the symbol for 
which the subscript letters indicate the tides referred to, — 



Um = 2(ho-Tp)—2(so—^), 


Uo = (ho—p) — 2(So~^) +i5r, Us = 


= 0^ 


= 203° -60, 


= 3^-37, 




for Kj, ^' = ho—-v-^^w^ 


for Kg, u'' - 2ho-2v'\ 




= 196^-93, 


==213°-01, 




Uti — Uu {So Pe), 


Ul^Um + iSo i>4>)+W, 




= 9°-53, 


= 217"-67, 




u^ = 


^ho-\-\^^ 169°-37. 





^ * Manual for Tidal Observations,' by Major Baird. Taylor and Francis, Fleet 

Street, 1886. 

t In making these reductions I bave really used the value of N for July 1, 1887, 
because I am operating on tidal predictions made for the whole year 1887, which 
were doubtless made with mean N for that year* The difference is almost insen- 
sible. 
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We liave already shown in B the way of computing IT, and 
n = 1-034* 

In and D we have shown how to compute j, % I, andj = + 6^*46, 

i = + 6°-52, I = - 0°-97. 

By the formula in B, with a^ = 86° '97 for 6 semi-lunations, 

w = 'zJlo — 2^* -{-■an ^^^ U -{-an 

= 299^-97 = ™60°-03. 
By the formula in D, with ^« = 87°* 52 for XIII quarter-lunar periods. 

= 294°-ll = -65°-89, 
By the formula in B, viz. : — 

U cos = II + X«f' cos tt), 

U sin = \n^" sin w. 

With log \n = 9'2517 for 6 semi- lunations, and with the above values 

of II, f\ isu :— - 

= -6°-40, ( +) log U = 0-0464. 

By the formula in D, viz : — • 

T cos Y^ = f ^ —pn cos 0, 
T sin "^ = Pn sin 0, 

with log pn = 9'4618 for XIII quarter-lunar periods, and with the 
above values of f ' and : — > 

= -18° -35, (4-.) logT = 9-9241. 



(r.) Final Evaluation of Mg. 
From (j) B,n ^ +38-47, A^ = -»"30'58, tan f 






A 

B„> is + and A^ is —, so that ^rn lies in second quadrant; whence 

J-,^ = ^-51°-51 = 128^-49. 

1 
Then 'B.^ =: -~- . B^^, cosec g'jjj ; 

* As tlie Indian tide predicting instrument takes no account of solar parallax, I 
should in reality haye done better to take 11 as unity. But of course tMs considera- 

fcioti does not apply to real obserTations, 
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whence, on reducing from inches to feet, 

H,^ = 3-98ft. 
Also Kn, = tn + ^m = 128°-49 + 203°-60 = 332°-09, 

where the value of u^ is taken from (q). 

(s.) Final Evaluation of N and L. 
Taking the Talues of P, Q, R, S from (i), 

inJIn sin (^n-j) = -P = --10-72, f^H^ sin (?^+i) = +Q = +0-66, 

f^H^^cos (^n~j) = -S = + 716, t^Hzcos (^i+j) = -~R - •4-1-22. 

^n—j lies in #^ quad., D+i ^i^s in 1^* quad. ; 

whence ^n-j = -56°-27. 

Then Mn = -j- coseo {^n—j) X (— P) ; 

whence, on reducing from inches to feet, 

H« = 1-04 ft. 

Again, since from (q) J = +6'''54<, we have g*^ = —49°-73 = 310'^-27, 
and a:;, = ^n+un = 310°-27 + 9^-53 = 319°-80, where the value of u^ is 
taken from (q). 

Turning to the second pair of equations, 

f^+/ = 28°-4 
Then H^ = ^ sec (^i+j) X (— R) ; 

whence, on reducing from inches to feet, 

H^ = 0-11 ft. 

Again, since ji = +6^*5, we have g'l = 21°'9, and ki=:^i-{-ui 
= 21°*9-f 217°'7 = 239°*6, where the value of ui is taken from (q). 

(t.) Final F valuation of 83 and Kg 

Prom (k) B, t= +3-62, A, = +21-08 ; tan g", = ^' ; 

B^ and A^ are + , so that ^s lies in 1^^ quadrant ; 

whence f, == 9°-71. 
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XllGIl Jtls YT > 

whence, witli log U already found in (q) as 0*0464, and, redacing 

inclies to feet, 

H, = 1-60 ft. 

Again ^, = g;4.0 = 9°-71-6"-40 = 3°-31, 

where the value of is taken from (q). 
Lastly, 

H-' = 0-272H, = 0-44 ft., and /c'' =% = 3". 

The factor 0*272 is an absolute constant. 

(u.) Final Evaluation of K^, 0, P. 

Taking the values of |(W— Z), KXH- Y) from (p), 

TH'sin(^' + ^-t) = i(W-Z) = -11-76, 

TH'cos(r+^~-f)= — KX+Y) = -"6-47; 

^' -j-i — "^ lies in third quadrant, and 

^'i-i-f = 7r + 6r-2 = 241"-2» 

Then since, from (q), "^ = — 18°*35, we have g'^+i^ = 222**8 : and 
since from (q) i = 6°'52, therefore £"' = 216^*3 ; whence 

;c' = f' + i^' = 216°-3 + 196"-9 =: 53°-2, 

where the value of u is taken from (q). 

Then H^ = ^^^~^^ cosec (f + ^-f ), 

whence, with log T already found in (q) as 9'9241, and reducing from 
inches to feet, 

H' = 1-33 ft. 

Also H^ = 0-381H' = 0-44, and i.^ = «:' = 53°. 

The factor 0*331 is an absolute constant. 
We now have to compute 

L =r |(X+Y) tan le+f'H' cos (?' + tan^F, 
M = i(W-Z) tan i^-f ff sin (f ' + tan |^, 
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where log tan |e = 9 '067 7, an absolute constant for all times and 
places. With the values of f and |(X4- Y") and ■|-(W—Z) given 
above in (q) and (p), and with the values of H' and ^' + i just found, 
there results — 

L= -0-495, M= ~-0-214 

ISTow f,H, sin iXo-i) = -K^ + Z) + L, 

foBo cos (f,-^) = i(X-Y) +M. 

We have found in (p) 

i(W + Z) = -4-23, i(X~-y) = 4-6-30, 

so that 

tH, sin (r.-O = +373, foBo cos (t.^O = +6'09. 

Whence ^o—i lies in the first quadrant, and 

Then H, = 1 [i(X-Y) +M] sec (r.-0» 

whence, reducing from inches to feet, 

Bo = 0'69 ft. 
Again, 

/,, = ^,^Uo = (^o--i) + i+Uo = 3r-50 + 6°-52 + 3°'37 = 41°-39, 
where the value of Uq is taken from (q). 

(v.) Final Reduction of Mean Water Marie, 

We subtracted 99 inches from all the heights before using them, 
and the mean of the heights was then -}- 3*61 inches. Hence mean 
water is 102'51 inches, or 8*54 feet above the datum of the original 
tidal observations. 
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(w.) Results of Reduction. 



Mean water, 8-54 ft. 

JH = 3-98 ft. 
^^-^2 \ «: z= 332° 

Q / H = 1-60 ft. 
^2 1 /c = 3° 

/ H = 0-44 ft. 
^^\ic =z 3° 

^ JH = 1-04 ft. 
^^ 1 /c = 320° 



L 



K 



O 



H ^ 0-11 ft. 

/c = 240° 

= 1-33 ft. 



/H = 1-33 

{h: =53° 

JH = 0-6 
[/c = 41 



69 ft. 



Mean of 9 yrs. obs. 


Error of present calc 

in inches and 

minutes. 


8-223 


4 in. 


4-043 
330° 


f in. too small. 
4^^ too fast. 


1-625 

3^ 


•^ in. too small. 
Nil. 


0-405 

352° 


•| in. too large. 
22«i too fast. 


0-997 
313° 


^ in. too large. 
11^^ too fast. 


0-088 
308° 


J in. too large. 
2^ 18"^ too slow. 


1-396 

45° 


f in. too small. 
32^^ too fast. 


0-658 

48° 


^ in. too large. 
29^^ too slow. 


0-404 

43° 


■J in. too large. 
40^ too fast. 



H = 0-44 ft. 

/c rr 53 



The second column is given because, if tlie calculation liad beeu 
conducted by rigorous metbods instead of approximately, my results 
sbould have agreed very nearly^ with these. The causes of several 
of the discrepancies are explicable. The error of mean water mark 
is due to the necessity for neglecting the annual and semi-annual tides 
in a short series of observations. The error in the height of S2 is 
partly due to my taking IT = 1*034 instead of putting it equal to 1, 
as is virtually done in the Indian tidal instrument. If I had taken 
n = 1, I should have had H^ = 1-65 nearly. The error in phase 
in K2 is a necessary incident of the shortness of the series of 
observations. The error of INT must be due to the shortness of the 
series, which has not permitted an adequate elimination of the 
evectional and variational tides. The tide L is only about an inch 
in height, and accuracy of result could not be expected. 

The magnitude of the error in time in the diurnal tides is disap- 
pointing, but it is clear that the length of observation has not been 
sufficient to disentangle the O tide from the K^^ tide. It may be re- 
marked also that an error of 1° in phase makes twice as m.uch differ- 



* I do not know tlie exact values of tlie constants used in the Bombay Tide 
Table, which has been used as representing observation. 
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ence in. time with the diurnal tides as with the semi-diurnal. The 
errors of P fall under the same category as those of Kg. 

Lastly it is probable that all these errors would have been 
sensibly diminished if I had subtracted 103 inches from the heights 
all through instead of 99, and I know that this is to some extent the 
case. 

(x.) YerificaUon. 

In a calculation of this kind some gross error of principle may have 
been committed, such, for example, as imputing to some of the /c's a 
wrong sign ; and this is the kind of mistake which is easily over- 
looked in a mere verification of arithmetical processes. It is well, 
therefore, to test whether the tide heights and times are actually 
given by the computed constants. This is conveniently done by 
selecting some three or four tides from amongst those from which the 
reductions have been made, and it makes the calculation much shorter 
if we pick out cases in which it is H. or L.W. within a few minutes 
of noon. . 

For example, in the present case it was L.W. on February 16 
(day 46) at 0^ 7*^ p.m., and the height was 4 ft. in. ; again, it was 
H.W. on March 25 (day 83) at 0^ 3«^ p.m., and the height was 
13 ft. 3 in. 

Kow, if U denotes the value of any equilibrium argument whose 
value at the epoch, O'^, January 1, was denoted in (q) by u, and if 
Ao denotes the height of mean sea-level above datum, the expression 
for the height of water is : — 

7^ = Ao+fm^mGOS (lJni~i<:m) + ^sCOS (lJs'-fCs)+f 'B.'' cos (Tr'-~K') 
+ f^H^COS (Un—f<:n)-\-fnJSilCOS ( ?7? — a:^) + f H' COS (U' — k') 
+ f oHo COS (Uo — iCo) + H^ COS (Tip — icp). 

The time of H.W. depends on a formula involving the sines of 
the same angles in place of cosines. 

Since we have chosen cases where it is H. or L.W. at noon, the 
Z7's exceed the u's by an exact number of days' motion. 

The evaluation of the separate terms may be conveniently made by 
means of an ordinary nautical traverse table, where (neglecting the 
decimal point) fH is represented by the " Distance," and 
fHcos(?7~A:) is given by "Latitude,** and fH sin (ZJ—a:) by "De- 
parture." 

If we know the time of H. or L.W. within 20"^ or so, the follow- 
ing calculation will give the true time and height. The computa- 
tion applies to the first of the two cases where we know that there 
should be a L.W. at about 0^ of day 46. The increments of 
argument are computed from the Table Gr, and the /c's are subtracted 
either by actual subtraction or by addition of 27r— -/c. 
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Increment in 40*^ 
Ditto 6^^ 

Bitto 46^ 

u = 



464 
-146 



bo. 



318 

203 



522 
333 



7 
3 



_ 



78-9 



F. 



Tj. 



- 57-9 -452-7 
11-8 -224-7 - 67-9 



39-4 
5-9 



O. 



P. 



425-3 

152-2 (seeXO 



4 
6 



90-7 
213-0 



•282-6 
9-6 



-520-6 45-3 

217 -7 196 -9 



273-1 -45-3 
3-4 169-4 



303-7 -273-1 -302-9 242-2 276-5 124-1 

1 _3-3 -3.3 + 40-2 +120*4 -53-1 - 41*4 -53-1 



CO 



• i-l 

• I-l 

W. 



m 

»— I 



U-K^ 


189 


•9 -3 


•3 300-4 


-232-9 


-182-5 189 


•1 


235 


•1 71-0 


ir-K-- 


7r + 


IQ -™3 


-60 


7r-53 


TT — 


3 TTT 


9 


7r + , 


55 71 




t 


H. 


fix. 


U-K. 


f Tf cos 

+ 


(U-ic). 




m sin ( 

4- 


V-k), 


fMa 


1-03 


3-98 


4-10 


«- + 10° 




4 04 






0-71 


s. 


1-0 


1-60 


1-60 


- 3 


1*60 








0-08 


^K, 


0-80 


0-44 


0-35 


-60 


0-18 








0-30 


H 


1-03 


1-04 


1-07 


7r-53 




0*64 




0-86 




IL 


1-03 


0-11 


0-11 


TT- 3 




Oil 




0-01 





+ 1-78 -4-79 
+ 1-78 



+ 0-87 -1-09 
+ 0-87 



A9 = -3-01 



Bo = -0-22 



i^l 


0-915 


1-33 


1-22 


TT- 9 




1-21 




0-19 





0-86 


-69 


0-59 


?r— 55 




34 




0-48 


p 


1-00 


0*44 


0-44 


71 


0-14 




0-42 





+ 0-14 -1-55 +0-42 -0-67 
+ 0-14 +0-42 



•l-A 

Ag + 4^1 



1-41 Bi== 

0-35 iBi = 

■3-36 Bo + iBi- 



■0-25 

•0-13 

0-35 



Time = -120™ 



/ Bg + jBA 

* Aa + iAi/ 



120 



sm 
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= -12°^=:11^^48'^ A.M« 



Tabular time = 0^ 7"^ P.M. 
Error = —19"^. 

A2 + Ai = — 4*42 
Mean water +8-54 



Height— 4*12 

Ileiglit L.W.. 4ft. 1 in. 

Tabular height , 4 



In the second case referred to above, the calculated height is 
13 ft. 6 in.5 and tlie tabulated heigM 13 ft. 3 in., and the error in time 
is -U^\ 

These results are as good as might be expected, and, considered as 
a predictionj would be amply suflScient for navigational purposes. 



